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The zero temperature equilibrium distribution for an axisymmetric bunch is analyzed both with and without the
images from a cylindrical beam pipe. Equations describing this distribution in the general case are developed while
explicit approximations are given for the long bunch limit. Comparisons with the equivalent ellipsoid distribution
and the geometry factor model are presented.
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1 INTRODUCTION
In a previous paper we studied the image fields and geometry factor for an axisymmetric
ellipsoidal bunch with uniform charge density inside a cylindrical beam pipe.1 We found
that the image fields become increasingly nonlinear as the bunch length increases. In
the present paper we are concerned with the zero-temperature equilibrium distribution
which self-consistently accounts for the image fields. When subjected.to linear focusing
forces, the charge density within a zero-temperature distribution must remain constant (see
Section 2.0). Therefore, when subjected to linear focusing forces such a distribution will
adjust its boundary in order to produce linear self-fields which maintain force balance with
the external fields. In the long-bunch limit we find an approximate analytic relation for the
boundary of this distribution.
When space charge dominates the behavior of a bunched beam, it will have the
characteristics of a zero-temperature distribution. Therefore, for high-current applications
the zero-temperature equilibrium is of interest. Moreover, most accelerators employ a linear
focusing system or one which may be treated as such. In free space it is known that an
ellipsoid with uniform charge density has self fields which are linear. Consequently, the
major focus of this paper is the determination of the zero-temperature bunch equilibrium
which produces linear self fields in the presence of a beam pipe. This determination is
made using the principle of force balance and minimum energy arguments. We make all
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FIGURE 1: Equilibrium bunch in a cylindrical pipe
our calculations in the beam frame in order to use Poisson's equation exclusively. For
relativistic situations, our results must be Lorentz transformed into the laboratory frame.
A schematic diagram ofthe situation is shown in Figure 1. We have an axisymmetric bunch
with constant charge density PO centered on the axis of a perfectly conducting cylindrical
beam pipe of radius b. The beam pipe is held at ground potential for ease of calculation.
The half-length of the bunch is denoted Zm while the maximum radius is given by ao. The
radial boundary of the bunch is described by the function a(z). Throughout the paper we
use cylindrical coordinates where the pair (r, z) denote the radial and axial coordinates of
the particles relative to the bunch center.
1.1 Geometry Factor
Another motivation for this work is to confirm and consolidate the results on the geometry
factor, or "g-factor", presented in Reference 1. The geometry factor model is a convenient
method of analysis for bunched beams and is utilized often in the literature. This model
relates the longitudinal electric field of a bunch, Ez(z), to its line charge density A(Z) as
follows:2- 6
(1)g d)..,(z)Ez(z) = --- -- .
41l'Eo dz
where g is the geometry factor. Note that the above equation predicts linear self fields for
bunches with parabolic line charge densities, specifically, for a uniform density ellipsoidal
bunch.
We used a uniform density ellipsoid to model a beam bunch in a pipe in Reference 1.
However, as mentioned above, we found that the actual fields from an ellipsoid are not
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linear. Therefore, an extension to the geometry factor model was proposed. We introduced
an average g, denoted g, and defined it as
_ 81l'Eo z~ (zEz(r, z))g=-------
3 Q (z2) (2)
where Zm denotes the axial semi-axis of the ellipsoid, Q is the charge of the bunch, and
Ez(r, z) is the actual field of the bunch. Once g is calculated it may be used to calculate the
average axial electric field Ez according to
(3)
The average g-factor describes the collective behavior of the bunch; it is a linear least-
squares fit to the actual fields of the ellipsoid. In this paper we confirm the validity of this
extension in the long-bunch limit.
1.2 Finite-Temperature Distributions
We mention briefly that in the more general situation where temperature may be nonzero,
the Maxwell-Boltzman relation must also be satisfied for equilibrium. Prasad and O'Neil?
studied this situation for the case of single temperature stationary nonneutral plasmas.
Peurrung and Fajans8 studied a similar case where they relaxed the global thermal
equilibrium condition to equilibrium along individual field lines. Reiser and Brown9
examined a two temperature axisymmetric bunched beam in free space. Numerical results
were presented in each case.
1.3 Confinement
In order to be in an equilibrium state the bunch must be subjected to some applied focusing
field, denoted EA. We will assume throughout this paper that the confinement fields are
axisymmetric and linear in each direction. Thus the electrostatic potential of these fields,
l/JA, is written
(4)
wh.ere r and z are the radial and axial coordinates and Cr and Cz are the focusing constants in
the radial and axial directions, respectively. This gives us the relations E; = 8Er /8r = 2cr
and E~ = 8Ez/8z = 2cz. Physically, we may interpret these fields to be the average linear
focusing fields for a bunched beam transport or accelerator system. That is we assume
the smooth approximation is valid so that periodically acting forces can be modelled by
continuous forces. In such a case, we find the two constants to belD
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(5)
\\There Yo is the relativistic factor, m is particle mass, q is the particle charge, vo is the
particle velocity, and kro and kzo are the radial and axial wave numbers without space
charge, respectively (i.e. 2rr/ ArO and 2rr/ AZO, where ArO is the radial oscillation or "betatron"
wavelength and AzO is the longitudinal oscillation or "synchrotron" wavelength).
2 ZERO-TEMPERATURE EQUILIBRIUM
Bunch equilibrium occurs when there is no net flow ofcharge with respect to the beam frame.
Moreover, in the zero-temperature case there is no flow at all. In order to accommodate this
condition there must be no net force for all points inside the bunch (i.e., force balance
between the external and internal electric fields). Denoting the self potential as cPs and the
self electric field as Es, this is expressed mathematically as
EA (r, z) + Es(r, z) = 0 wherever p(r, z) :j:. 0 . (6)
Substituting VcPA and VcPs for EA and Es, respectively, then taking the divergence of this
equation yields the following:
V 2cPA(r, z) + V2cPs(r, z) = 0 wherever p(r, z) =I 0 . (7)
We can further separate cPs into a superposition of its free space component, cPjs, and its
image component, cPi (for the purely free-space case cPi = 0). Since cPi is due to charge
redistribution in conductors, V2cPi must be zero within the bunch. We are left with
(8)
However, the second tenn is simply related to charge density via Poisson's equation. Thus,
we have the result
p(r, z) = EO v2cPA (r, z) wherever p(r, z) :j:. O. (9)
Physically, one may interpret the above equation as the neutralization by p ofan hypothetical
background ion density (given by the right hand side), this background density being the
source of the focusing potential cPA. Since we are given the applied fields the right hand
side is known, consequently, we know the value of p(r, z) wherever it is nonzero. For the
linear focusing fields of Equation (4) we find that the charge density distribution is constant
wherever it is nonzero. Note, however, that we still do not know the shape of the distribution,
we simply know that it is constant wherever nonzero. Our primary task is detennination of
the boundary of this distribution (hence the entire distribution). Because of the axisymmetric
nature of the system we assume that this curve may be represented as a function of the axial
variable z, say a(z). We further assume that a(z) is continuously differentiable. Given such,
the zero-temperature charge distribution due to the linear confinement of Equation (1) is
described··by




p(r, z) = 0




and Zm is the bunch half-length, that is a(z) = 0 if Izl > Zm. Note that a(z) must be
symmetric about Z = 0 which insures the existence of the quantity Zm. Also, a little physical
intuition (which is confirmed later) tells us that the maximum bunch radius must occur at
Z = 0, or mathematically
3 FREE-SPACE EQUILIBRIUM
aD = a(O). (12)
(13)
It is known that in free space a uniform charge density ellipsoid yields linear fields within
the distribution. 10-12 It is likely that this is the only one to do so. Therefore this distribution
is capable of maintaining a force balance with the fields described by Equation (1). Hence,
it is an equilibrium distribution in free space.
A uniform density axisymmetric ellipsoid may be described mathematically by Equation
(10) where the function a(z) is given by
H2a(z) = aD 1 - 2 .zm
Note that the ellipsoid is described completely by the three quantities Po, aD, and Zm. The
total charge, Q, of the ellipsoid is
41l" 2Q = p0 3 ao Zm (14)
Thus, given the quantities Cr and Cz for the confinement fields, and for a particular charge
Q, it is our goal to find the quantities ao and Zm.
For points inside a uniform axisymmetric ellipsoid the potential is10,12
where
POZ~ [2 ] PO [1 -ME 2 2]¢js(r, z) = -2- 1 - ~ (1 - ME) - - r + MEZ ,
EO 2Eo 2
"I - ~2 [1 1+ ~ ]ME = -- - In-- - 1~2 2~ 1 - ~ .
(15)
(16)
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Note that the first term for lPfs (r, z) is simply a constant. Summing the gradients ofEquations
(4) and (15) and setting the resultant expression to zero yields the vector Equation (6). From
this vector equation we extract two scalar equations which are requirements for equilibrium.
One is simply Equation (11), the other is
(17)
The above equation along with Equation (16) yield a transcendental equation for the
eccentricity parameter ~ ,
or
(18)
where the second of these is obtained by inverting the natural logarithm. Once Equation
(18) is solved for ~, we may find ao and Zm through Equation (14).
Equation (18) is difficult to solve numerically around ~ = 1, which corresponds to the
long-bunch limit. This is because the slopes of the right hand sides approach infinity as ~
approaches 1. Therefore, in these situations it is beneficial to apply the Mobius transform
1+~x(~) = 1 _ ~ , (19)
which iI~jectivelymaps the interval [0, 1) to the interval [1, (0). Applying this transform to
the first of Equations (18) yield a transcendental equation for the new variable x
ME(X - 1)3 = 2x(x + 1) In(x) - 4x(x - 1) (20)
which is much easier to solve numerically. We ~mployed Newton's method successfully to
this end.
4 EQUILIBRIUM IN A CYLINDRICAL CONDUCTING PIPE
When a bunch is confined inside a conducting pipe the image fields will affect the resultant
equilibrium distribution. In general this distribution will no longer be ellipsoidal. Therefore
we wish to determine the shape of the distribution, given by the function a(z). We proceed
using a minimum energy argument.
Denoting the self potential (including images) of a charge distribution p(r, z) inside a
conducting pipe as l/Js(r, z), the total potential energy of the system is then given by
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u = ~ f P<PS dv + f P<PA dv (21)
where the volume integral is taken over the interior of the pipe. The equilibrium distribution
is the one which will minimize the above quantity. However, it is also necessary to impose
the constraints
f pdv = Q
where Q is the (positive) total charge of the bunch, and
P(r, z) 2:: 0,
(22)
(23)
which amounts to Po 2:: O. In reference to Equations (10) and (22), we will proceed as if
Equation (23) is naturally satisfied, which is confirmed after the analysis. This constrained
minimization problem may be transformed into an equivalent (but larger) unconstrained
problem by modifying our cost functional13 given by Equation (21). We add Equation
(22) to Equation (21), multiplying by the Lagrange multiplier JL. Defining our new cost
functional as V [a (z), JL] according to
V[a(z), JLl == ~ f P<Ps dv +f P<PA dv + JLf pdv,






It can be shown that a unique minimum exists (for a(z) E C 1) because U is a positive
definite (in fact coersive) quadratic form in p. Unfortunately a (z) appears only implicitly
in Equation (25) so it is necessary to do some manipulation in order to apply standard
techniques to solve (25). The major effort entails writing cPs as an explicit function of the
function a(z).
4.1 The SelfPotential Inside a Pipe
The Green's function for an axisymmetric charge distribution located at source points (r', z')
inside a perfectly conducting pipe of radius b is given by l
G( .' ') - 1 ~ JO(fJnr)JO(fJn r') -tJnlz-z'lr, z, r ,z - - L...J 2 e ,
Eob n=1 anJ I (an)
where the an's are the zeros of the Bessel function Jo and the fJn's are the eigenvalues an/b.
Thus, the potential cPs(r, z) due to the charge distribution of Equation (10) is
00 +Zm
At. ( ) - Po ~ JO(fJn r ) f (')J (fJ ('» -tJnlz-z'ld '
'Ys r, Z - L...J 2 2 a Z 1 na Z e Z •
EO n=1 an J1(an)
-Zm
(27)
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(29)
As far as we know, there are no closed form expressions for the above integral, but
we can obtain some approximate expressions. In the long-bunch limit it is possible to
make a fairly accurate approximation to (27) by expanding part of the integrand. Taylor
expanding a(z')Ji (f3na(Z'» in z' about z' = z and keeping only the first two terms yields
the approximation
Zm
I a(z')Jl (,Bna(Z')) e-.Bnlz-z'ldz' ~ ~a(z)lt (,Bna(Z)) [1 - e-.Bnzmcosh(,BnZ)]f3n
-Zm
+ 2a(z)a' (z) Jo (f3na(Z» [z cosh(,Bnz) - Zm sinh(,Bz) - ~ sinh(,Bnz)] efJnzm ,
f3n (28)
which is valid for points (r, z) inside the bunch. A very simple approximate expression
for cPs is obtained by keeping only the 2a(z)Jl (f3na(Z»j f3n term in the above expression.
This amounts to neglecting the end effects for the bunch. For points (r, z) inside the charge
distribution the result is
cPs(r, z) = !!!2- [(1 +21n~) aZ(z) - rZ] .
4Eo a(z)
This is the same expression one would obtain by solving Poisson's equation in the long-
bunch limit (i.e., neglecting aZ jazz). For clarity we will continue the development with this
expression then present the refined results using the Equations (27) and (28).
4.2 The Euler-Lagrange Equation
Inserting Equations (4), (10) and (29) into Equation (24) then performing the first integration
over r yields a formula for V[a(z), A] explicit in a(z) and J1.
v = Izm [ JrP5a4 (z) (~ + In (~))4Eo 4 a(z)
-Zm
Zm
= I L (a(z), a' (z), z) dz.
-Zm
(30)
The above integrand, denoted L (a, a', z), is the Lagrangian for the constrained minimization
problem. In order for a (z) to minimize V it must satisfy the Euler-Lagrange equation along
with the constraint equation. The Euler-Lagrange equation in our case appears as13
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(31)
(32)
aL(a, a', z) _ !!..- [aL(a, a', Z)] = o.
aa dz aa'
Inserting the expression for L(a, a', z) into the above equation yields the transcendental
equation for a (z)
a
2(z) [~ In(~) + Cr ] + czz2 + JL = O.2Eo a(z)
We use the condition a(Zm) = 0 in the above to find that JL = -czz~. Note that there
is still one unknown other than a(z), namely Zm. Therefore, once the above equation
is supplemented by the requirement that the total bunch charge be Q, which is a given
parameter, we have a system of equations which may be solvt;<d uniquely for a(z). Observe,
however, that it is more convenient to supply the parameter ao which consequently will
determine·Q. Doing so yields the following system of equations:
2 aZ[po (b) ]zm = - - In - + Cr ,
Cz 2Eo ao
(33)
(34)2 [ Po (b) ] 2 ( Z2 )a (z) 2Eo In a(z) + Cr = CZzm 1 - z~ ·
We may apply the same procedure starting with an improved approximation to ¢s
obtained by substituting Equation (28) into Equation (27). This yields the more accurate
set of equations
~35)
. [~ (1 - e-fJnzm cosh(,Bnz)) + (Zm cosh(,Bnz) - Z Sinh(,Bnz)e-fJnzm )] .
fin (36)
Note that the equation for Zm is now a transcendental one. In the long-bunch limit the
exponentials in Equation (35) will be small and neglecting them yields Equation (33).
. Performing this procedure on the exact expression of Equation (24) yields the following:
00 Zm
PO '"' 10 (fina(z»! ' ( ) f3 I 'I 2 2
- L.J 2 2 a(z )11 fin a(z') e n z-z dz' + cra (z) + czZ + ~ = 0, (37)
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4Js (a(z), z) + cra2 (z) + Czz2 + tL = O. (38)
In this case it is not possible to get an expression for Zm in terms of ao because of the
integral. However, if we realize that the equilibrium self potential will be equal to the
quantity 4Jo - 4JA (r, z) where 4Jo is the self potential at the centroid of the bunch [i.e.,
4Jo = 4Js(O, 0)], we recognize through Equation (38) that tL is 4Jo.
We may solve Equations (35) and (36) numerically using Newton's method. Figure 2a
shows a sample comparison between two zero-temperature equilibrium distributions, one
in free space: and one in a beam pipe. For this figure the focusing fields are the same in each
case, namelycr = 103 V/m2 and Cz = 10 V/m2, and the beam pipe has radius b = 0.05m.
The total bunch charge in both cases is computed to be 3.16 x 10-IIC. Quite clearly the
beam pipe has a noticeable affect on the equilibrium.
It is possible to check the accuracy ofour findings by computing the potential of the bunch
in the pipe. We do this using Equation (27) where the integral is evaluated numerically. For
all points in the bunch the self potential should be equal to 4Jo - 4JA (r, z) for force balance
(where again </>0 is the self potential at the center of the bunch). We compare the axial
quantities 4Js(O, z) and 4Jo - 4JA (0, z) in Figure 2b where it is seen that these two quantities
are almost identical within the bunch. The line charge density for each case is also computed
and shown in Figure 2c. We see quite clearly that in the presence of the conducting pipe the
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FIGURE 3: Solution comparison for zm/ao""4and b/ao=5/4
We find that the difference between the solutions to Equations (33)-(34) and to Equations
(35)-(36) is quite small in the long-bunch limit. For bunch aspect ratio Zm/aO rv 4 the two
systems differ only slightly around the bunch ends. This situation is shown in Figure 3
where the axial bunch boundary is plotted as a function of radius (this choice of format will
become clear in the next section). As the aspect ratio increases this difference disappears.
Accordingly, we will focus exclusively on Equations (33) and (34) throughout the rest of
this paper.
5 EQUILIBRIUM CHARACTERISTICS
In this section we develop some analytic results for the long-bunch limit using Equations
(33) and (34). In this situation Cr » Cz therefore, from Equation (11) the charge density is
given approximately as PO ~ 4eOcr. Defining the parameter g as
g=I+2ln(~)
and using Cr » cz' we may approximate (33) and (34) as
C k2
z2 = a2"'!-g = a2--!:!Lg




2(z) Cr [1 +2ln (~)J = z~ [1 - z: ] .
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(42)
In the last equation it is not possible to get an explicit formula for a (z) due to the logarithm.
However, we may solve for z explicitly in terms of a(z) yielding an equation of the form
z = F[a(z)]. Assuming a(z) is single valued we might as well interpret the relation as
z(a) = F[a], doing so yields
z(a)= z~-a2:: [1+ In(:~)l
This gives us an analytic approximation for the boundary of the zero-temperature equilib-
rium distribution. For every value of the radial boundary a in the interval [0, ao] we know
the corresponding z location given by z(a).
5.1 Moments of the Distribution
We may calculate the moments of the distribution using Equation (42) for z(a). The results
of such a procedure are given by the following semi-analytic expressions
4Jl' 2Q = po 3 ao Zm Aq (g),
{r2} =~a2 Ar(g)
5 °Aq(g) ,
2 1 2 Az(g)
{z } =SZrn Aq(g) ,
where the functions A q , A r and A z are defined as follows:
1
Aq(g) == 2;/2 f [g(1 - x) + x In(x)]1/2 dx,
°
1
15 /Ar(g) == 4g1/ 2 x [g(1 - x) + X In(x)]1/2 dx,
o
1




All of these functions asymptotically approach 1 as g -+ 00. Thus, the equilibrium bunch
moments (r2) and (z2) approach (2/5)a5 and (1/5)z~ as g approaches infinity (i.e., b/ao
approaches infinity). These are the same moments of a uniform axisymmetric ellipsoid with
semi-axes ao and Zm. 10 Numerical plots of the above functions are shown as solid curves
in Figure 4.
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FIGURE 4: Auxiliary functions and their approximations
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(45'
Although we are not aware of any closed form expressions for Aq , Ar and Az, we may
obtain accurate analytic approximations. By Taylor expanding g(l - x) + x In(x) about
x = 1 and keeping terms up to second order we obtain integrable expressions for the above
integrals. Perfonning this integration yields the following approximations:
3 [2 (g - J2g=1)]Aq(g) ~ 4y'2i gl/2 + g/2g - 1 + (g - 1)2ln g _ 1 '
15 [ (g - J2g -1)]Ar(g) ~ ~ /2g - 1(3g2 - 4g + 2) + 3g(g - 1)210 ,
24-v2g g ~ 1
5 [~ (g - v'2i-=1)]Az(g) ~ 3/2 2-Jg - gv 2g - 1(3g2 - 109 + 5) - 3(g - 1)4 In16(2g) g - 1
where the first term in brackets for Aq and Az has been added to improve the approximation at
g = 1. Graphs of these approximations are shown with dashed lines against the solid curves
of their corresponding function in Figure 4. It is possible to obtain better approximations
by Taylor expanding about x = 1/2 but these are much more unwieldy than the above.
Returning to Eqs. (43) we may plot the r.m.s. beam radius and r.m.s. beam half-length
given by (r2)1/2 and (Z2) 1/2, respectively. In Figure 5 we nonnalize these values by dividing
by ao and Zm, respectively, and plot them as functions of g. The auxiliary functions Aq , Ar
and A z were computed numerically.
5.2 Geometry Factor
In this section we wish to determine the average g-factor of our distribution as described
by Equation (2). We may model our equilibrium distribution as a unifonn density ellipsoid
with radial semi-axis ao and axial semi-axis Zm. We do so by choosing ao and Zm such
that both distributions have the same moments up to second order (we choose the charge
density of the ellipsoid such that both have the same total charge). The second moments
of an axisymmetric ellipsoid are (r2) = 2a515 and (Z2) = z~/5. Equating these values to
those in Equations (43), we find the relations
ao = ao
Zm =Zm (46)
Since the axial electric field in our case is linear, (z Ez(r, z») is simply 2cz (Z2). Therefore,
the expression for the average g-factor becomes (after substituting for Q)
A3/ 2( )
-( ) z gg g = g 5/2 .
Aq (g)
(47)
















































Assuming g is of the form






we may write an expression for a as follows:
a(g) =1+ g [A~/2(g) -1] + In (Ar(g») .
A~/2(g) Aq(g)
Both g(g) and a(g) ·are plotted in Figure 6 for g E [1,5]. Referring to this figure we find
a(g) varies between 0.66 and 0.68 in this region. As g increases beyond 5, a(g) asymptotes
to 0.68. This is in agreement with Reference 1. Since the variation of a is small, the n we














































FIGURE 6: Behavior of g
6 APPLICATIONS AND EXAMPLES
We present some application of the results presented in this paper and in Reference 1.
Examples are provided to clarify the process. We mention that for short bunches (i.e. if
Zm / ao ::s 4, b/ ao ~ 5) the image effects are negligible so that the situation may be
described completely analytically. In those cases we may use the results in Section 3 of this
paper which is covered in greater detail in Section 5.4.11 in Reference 10.
6.1 Determination ofBunch Focusing
Suppose it is desired to transport a bunch of charge Q through a beam pipe of radius b while
maintaining a certain clearance between the bunch and the beam pipe (i.e., this specifies a
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value for ao). We may compute g given by Equation (39) and then find Aq(g) graphically
or by approximation. Combining the first of Equations (43) and the relation Po ~ 4eOcr
produces the following constraint
, 3Q
zmEr = Zm 2cr = 2 .
81!EoaoAq (g)
(50)
Once either Zm or Cr is chosen, the other is given by the above equation. Finally, Cz is
determined by Equation (40).
Example 1: Suppose Q = 10-11 C, b = 5 cm and we wish to maintain a 3 cm clearance
(i.e., ao = 2 cm). This gives us g = 2.83 and, referring to Figure 4, Aq (2.83) ~ 0.89.
Further, suppose E; (i.e. 2cr ) is constrained by the value 2000 V1m2. Therefore, by the
above equation the smallest Zm possible is 18.9 cm. The required axial focusing in this case
is E~ = 2cz = 2cr g(ao/zm)2 = 63.2 V/m2.
Example 2: On the other hand say we have the design constraints E; = 2cr :s 2000 V1m2
and Zm :s 15 cm and we wish to know the maximum bunch charge that can be transported.
Using the same ao and b we have E~ = 2cz = 100 V/m2 . Solving Equation (50) for Q
gives us a maximum bunch charge of 7.9520 x 10-12 C.
Example 3: If we wish to design a system where the long-bunch limit is not valid, that
is zm/ao < 4 or Zm is of the same order as b, we are unable to use the results of this
paper. We must tum to the average geometry factor model presented in Reference 1. For
example, say we wanted to transport a 5 cm long-bunch using again the above values for Q,
ao and b. Referring to Figure 3 of Reference 1 we find g~ 1.5. According to Equation (3),
the average axial electric field is E~ = 1.62 X 103 V/m2 . Therefore, for force balance we
require that the applied electric field gradient (given by 2cz) be equal to E~. This dictates
that Cz r-v 810 V1m2 which is a substantial increase over the long-bunch case.
6.2 Experimental Data Analysis
Another situation in which the average geometry factor is useful is in the analysis of
experimental data. For example, say in a particular experiment we are able to measure
the bunch charge, Q, r.m.s. bunch radius, (r2)1/2, and r.m.s. bunch half-length, (Z2) 1/2, for
a particular beam in a pipe ofradius b. We are unable to determine ao and Zm from Equations
(43) because the value of g is unknown. Thus, we cannot exploit the direct results of this
paper. However, we may model the experimental bunch as a uniform ellipsoid with equal
moments, specifically, ao = [(5/2)(r2)]1/2 andZm = [5(z2)]1/2. Ifwe are in the long-bunch
limit we may use g ~ 0.67 + 2 In(b / ao), otherwise we must refer to Figure 3 in Reference
1 for the average geometry factor. The average internal fields may then be determined by
Equation (3).
Example 4: For a beam pipe of radius 5 cm (b = 5 cm) we measure Q = 5 X 10-12C,
(r2)1/2 = 2 cm, and (Z2)1/2 = 10 cm. For our model ellipsoid we compute ao =
(5/2)1/2(r2)1/2 = 3.16cmandZm = .J5"(Z2)1/2 = 22.4cm. Thisinturnyieldsbjao = 1.58
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and Zm/aO = 7.08. In this· case we realize that we are in the long-bunch limit and therefore
may take g = 0.67 +2In(bjao) = 1.59. From Equation (3) we find E~ = 9.60 V/m2.
Example 5: We take the same values for b, Q, and (r2)1/2 as in Example 4, but choose
(Z2)1/2 = 5 cm. Thus, for the model ellipsoid we again compute ao = 3.16 cm, but now
Zm = 11.2 cm. This yields bjao = 1.58 and zmjao = 3.54 indicating that we are no longer
in the long bunch limit. Looking at Figure 3 of Reference 1 we find for this case g~ 1.2.
From Equation (3) we find E~ = 57.6 V/m2 .
7 CONCLUSION
The results presented here both confirm and extend the previous work in Reference 1. We
have confirmed the asymptotic behavior of the geometry factor in the long-bunch limit. We
have also determined many of the characteristics of the long-bunch analytically. The major
insight of this paper and Reference 1 is that there seems to be three parameter regimes
with fundamentally different bunch behaviors. We see a short-bunch limit where the bunch
behaves as it would in free space, a long-bunch limit in which the behavior is described in
the present paper, and a transition region between the two.
In the short-bunch limit the image fields are negligible so that the beam pipe has little
effect. The parameter space for which this approximation is valid seems to be for bunch
aspect ratios Zm / ao less than 1 and b/ ao greater than 5. The equilibrium distribution in this
case is the uniform ellipsoid. The analytic relations of Section 3 may be used in this region
as well as the analytical results for the coupled envelope equations in Reference 10.
In the long-bunch limit the radial and longitudinal behaviors are essentially decoupled,
as seen in Equation (29). When zmjao is greater than 5 and Zm/b is greater than 3 this
approximation holds. We are free to use all the analytic relations presented in Section 5 of
this paper. Alternatively, one may wish to use the average geometry factor model in the long-
bunch limit. Specifically, we may model the bunched beam as an ellipsoid with the same
second moments and charge. Then we may use an average g-factor between 0.6+2ln(b/ ao)
and 0.7 +2In(bjao).
In between these two regions the bunch is tightly coupled radially and longitudinally.
This makes a fruitful analytic evaluation quite difficult. Equation (37) is valid in this regime
but the authors are unaware of solution to this equation. Thus, we are steered toward the
average geometry factor model to analyze such a bunch. Values of ghave been tabulated
numerically in this region and are presented in Reference 1.
Before closing we mention that we may employ the concept ofequivalent beams to model
bunches with temperature. Specifically, the uniform ellipsoid~lbunch may serve as a model
for an equivalent nonuniform bunch with temperature having the same r.m.s. beam size. In
this way we may calculate the average forces due to the space charge of the bunch. to
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